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This work examines the finite temperature properties of the CPT-even and parity-odd electro- 
dynamics of the standard model extension. We start from the partition function written into the 
functional integral formalism in Ref. • After specializing the Lorentz- violating tensor Waup^ for 
the nonbirefringent and parity-odd coefficients, the partition function is explicitly carry out, showing 
that it is a power of the Maxwell's partition function. Also, it is observed that the LIV coefficients 
induce an anisotropy in the black body angular energy density distribution. The Planck's radiation 

, law retains its usual frequency dependence and the Stefan-Boltzmann law keeps the same form, 

' except for a global proportionality constant. 
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I. INTRODUCTION 



Nowadays, the Standard Model Extension (SME) is the theoretical framework most used to investigate 

Lorentz invariance violation (LIV). The gauge sector of the SME is composed of a CPT-odd and a CPT-even sector. 
The CPT-odd one is constituted by the well-known Carroll-Field- Jackiw term Q, whose properties have been well 
examined in literature 0, 0, @, 0]- The CPT-even part is represent by a tensor W°"^'"^ which presents the same 
^ ' symmetries of the Riemann tensor [Wai^p^p = —Wvapipi Wai^p^p — —Wavipp, Wavpip — Wp^au] and a double null trace, 
1-^^' possessing only 19 independent components. 

Recently, the CPT-even has received much attention, yielding the investigation of new electromagnetic phenomena 
induced by Lorentz violation and the imposition of tight upper bounds on the magnitude of the LIV coefficients. The 
. examination of CPT-even electrodynamics of the SME has started with Kostelecky and Mewes Q in connection with 
the study of polarization deviations for light traveling over large cosmological distances IsL 9 L Here, one should also 
C ■ ' mention other researches involving electroinagnetostatics and classical solutions 13, ll,Ei, 3|, radiation spectrum 
. . of the electromagnetic field and CMB 19], photon interactions and quantum electrodynamics processes |17l . 



[iol-EliE^I. and synchrotron radiation '23"|. A detailed review on the gauge sector of the SME is found in Ref. 

On: [-, 

. At a very recent work [16| , we have analyzed the finite temperature behavior of the parity-even part of the CPT-even 
sector of the SME as an attempt to determine the thermodynamics properties of this electrodynamics. The focus was 
on the LIV modifications implied on the density energy angular distribution, the Planck radiation law and implications. 
The partition function was written into the functional integral formalism of Matsubara and explicitly carried out. It 
] was then shown that the altered partition function is a power of the usual Maxwell's partition function. We have 
then observed that, despite small local fluctuations induced by LIV, the Planck law maintains its usual frequency 
dependence while the Stefan-Boltzmann retains its usual behavior. 

The aim of this present work is to complete the finite temperature analysis for the CPT-even sector, addressing 
now the contributions of the parity-odd components of the tensor Waup^p on the thermodynamics of the Maxwell 
field, searching the modified Planck's law distribution, angular energy density distribution, and Stefan-Boltzmann's 
laws. We thus follow the same procedure of Ref. |16|, taking as starting point the general partition function attained 
there. Before being explicitly evaluated, this partition function shall be specialized for the case of the nonbirefringent 
parity-odd coefficients. After explicit evaluation, we show that the modified partition function is a power of the 
Maxwell usual one, in the very same way as observed for the parity-even case [16|. 
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II. THE THEORETICAL MODEL AND RESULTS 



C = --F^,F'-'' - -W'^'""PF^,Fp^, (1) 



The CPT-even gauge Lagrangian of the SME is 

If pav _ 1, 

where W"'^'"^ is a renormaHzable, dimensionless couphng, composed of 19 elements. In Ref.[3], the Hamiltonian and 
constraint structure of this electrodynamics was developed using the Dirac method. This analysis allowed to write 
the correct partition function (in the Matsubara formalism), which integrated on the canonical conjugate momenta 
and fields has lead to 

Z - det (-□) [dci{-n6ab + Sab)r^'^ . (2) 
Here, we define the Euclidean operator, □ — dada = (dr)'^ + V^, and the symmetric Lorentz-violating operator 

Sab — "^Wacdbdcdd- 

Now, we should particularize the tensor Wacdb for the parity-odd sector, which possesses only three nonbirefringent 
components. This result can be achieved using the parametrization of the tensor Wf_iuaf3 in terms of four 3x3 matrices, 
i^de,khb, KriB,KHE, presented in Refs. [^Q: 

The matrices kde and khb represent the parity-even sector and possess together 11 independent components, 
while kb)b and khe stand for the parity-odd described by 8 components. These four matrices have together the 19 
independent elements of the tensor Wacdb- To isolated the parity-odd sector, we take kde — ^hb — 0. The parity-odd 
sector is written in terms of an antisymmetric (ko+) and a symmetric matrix (kq-) , given as 

(l^o+)kj = \{>^DB + KHE)kj, (Ko-)kj = ^{kdB - KHE)kj- (4) 

Taking into account the birefringence constraint Kq- = \{hdb — k,he we obtain kdb = khe- 

This together the condition kdb = — (khe) implies that the matrix kdb = '*o+ is anti-symmetric (possessing only 
three components). Such restriction yields only 3 parity-odd nonbirefringent parameters, parameterized in terms of a 



three- vector k 25 | 



Into the finite temperature formalism, the matrices ^ are redefined as 

{KDE)kj = '^Wrkrj, {liHB)kj — ■^^kpq^jmnWpqmn, {l^DB)kj — — {nHE)jk = Wrkpq^jpq- (6) 

We should now carry out the determinant of the operator (— DJaf, + Sab) in (El) for the three nonbirefringent parity- 
odd components of the tensor Wacdb, now written in terms of the k vector as 

For computing such functional determinant, we write this operator (in Fourier space) as p^Sab — Sab, where Sab — 
"^WacdbPcPd- Under the prescription (O, the matrix elements of Sab are 

S^r = 0, = (/« • p)pj - p^Kj, Sij = -2{k -Tp^PrSij + Pri^iP] + HjPi) ■ (8) 

Thus, the functional determinant is 

det {-U5ab + Sab) = det {-Uf det [-□ -2{K-V)dr + - (k • V)^j det [-□ - 2 (k • V) dr] ■ (9) 
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Replacing it in the partition function it follows: 

where the quantities, zi^^ and zj?"* {(3), are given as 

= det [-□ - 2 (/« • V) (9^ + /«^V2 - (k • V)^ 
= det[-n-2(K- V)9r]"^^^ 



-1/2 



(10) 

(11) 
(12) 



They represent the contributions of the two polarization modes of the modified photon field. Let us observe that if 
we only consider the first order contribution of the LIV background, /«, both modes would give the same contribution 
to the partition function. At leading order, the associated dispersion relations provide nonbirefringence, a result in 
according with the statements of Refs. @, 0| and other works that follow this prescription 12, 2^. The explicit 
evaluation of the dispersion relations is developed in the Appendix. 

The computation of the functional determinants is performed using the well-known formulae detO= exp(TrlnO), 
thus, we obtain 



lnZ(^)(/3) = ~^Trln -□ - 2 (/« • V) 9^ + k^V^ - (k • V)^ 
lnZ^2)(^) ^ -iTrln[-n-2(K- V)a^]. 



(13) 
(14) 



We can now evaluate the involved trace of expressions (|13I14I) writing the gauge field in terms of a Fourier expansion, 



^a(T,x) 



(15) 



where V designates the system volume and are the bosonic Matsubara's frequencies, = — , for n = 0, 1, 2, 
In this way, the contributions of the two modes of the gauge field are expressed as 



lnZW(;3) = -\V 



lnZW(/3) = ~-V 



(P-o "^"^ r 

ln/32 (cj^)2 + p2 + 2 (/« ■ p) LJ„ - /t2p2 ^ . 



(27r)3 



(16) 



(17) 



For evaluating the integrals, we first implement the translation p ^ p — uj„iK. We then use spherical coordinates, 
p — Lu (sin0 COS (/), sin0 sin 0, COS 0) , k • p = kljcosO, u) = \p\ , k, = \k\. By performing the summation in n, and doing 
the respective rescalings in the variable uj, we obtain the following expressions: 



InZ(i) = 



V 



(27r)3 

V 
(2^ 



,3/2 



1 



(1 - k2 sin^ 6) 



du) Lo^ In (1 



(1 - 



2\3/2 



dVL 



dhju? Infl-e"''"') 



(18) 
(19) 



where = sin ddQd(^ is the solid-angle element. 

Then, the partition function for the parity-odd sector of the CPT-even electrodynamics of the SME is 



InZ 



Y 



(27r)= 



(1 - 



2\3/2 



dVL 



1 



1 



[ 1 — sin 



2^3/2 



duj u? In (1 - e"'^") 



(20) 



The dependence on Q shows that the LIV interaction yields an anisotropic character for the angular distribution of 
the energy density. By performing the w— integration in (|20|) . we achieve the energy density per solid-angle element. 



u(/3,r!) 



120/?4 



1 - K 



2\3/2 



1 



1 



•„2/,\3/2 



(1 - k2 sin2 B) 



(21) 
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which reveals the anisotropy induced by the LIV coefRcient (the power angular spectrum is maximal in the plane 
perpendicular to background direction). At leading order, the anisotropy factor is quadratic in the k— vector, 



120/34 



2H 




^3 . 2r 

- sm^ 6 








^2 





(22) 



This result should be contrasted with the linear contribution induced by anisotropic contribution stemming from the 
parity-even sector ilQ] . 

By performing the angular integrations in Eq. (j20p . wc find that the partition function can be written as 



Z = {ZaV^''^ , (23) 
where Za is the partition function of the Maxwell's electrodynamics, 

ln^A = -^y^ d..c.^ln(l-e-^")=l/^. (24) 
and the exponent 7(k) is a pure function of the LIV parameter 

(25) 

The result ([23]) for the nonbirefringent and parity-odd components of the tensor Wapfii, is similar to one obtained 
in Ref. [l^ for the nonbirefringent and parity-even components. 

Starting from the equations or P5)) , it is easy to derive the modified Planck's radiation law or the modifications 
in the Stcfan-Boltzmann's law, respectively, given as follows: 

«(^)^^(,)J__^, " = 7(^c)^r^ (26) 

Explicitly, we can observe that the LIV modifications consists in a global multiplicative function which contain all 
the LIV correction, this way, the Planck's radiation law maintains its functional dependence in the frequency (in all 
orders in k). Similarly, the energy density or the Stefan-Boltzmann law retains its usual temperature dependence 
{u cx T"^) whereas the Stefan-Boltzmann constant is globally altered as ct ^ 7 (k) ct, with 7 (k) given by Eq. ([25]). 



III. CONCLUSIONS AND REMARKS 

In this work we have concluded the study of the finite temperature behavior of the CPT-even and LIV electrody- 
namics of the SME which was started in Ref. , . We have specialized our analysis for the nonbirefringent components 
of the parity-odd sector of the tensor Waup^p- We have exactly computed the partition function, showing that 

it is a power of the partition function of the Maxwell electrodynamics as well, being the power a pure function the 
LIV parameters. Consequently, the Planck's radiation law retains its known functional dependence in the frequency 
whereas the Stefan-Boltzmann's law keeps the T^-behavior, apart from a multiplicative global factor. It was observed 
that the LIV interaction induces an anisotropic angular distribution for the black body energy density. A similar 
behavior was obtained for the nonbirefringent anisotropic components of the parity-even sector (l6| . These results 
show that the partition function of the full CPT-even sector is expressed as a power of the Maxwell's one. This 



pattern, however, is not shared by the CPT-odd partition function evaluated in Ref.[lJ|. This difference is ascribed 
to the dimensional character of the LIV coefRcient Uaf- 



APPENDIX A: DISPERSION RELATIONS 



In this Appendix, we write the dispersion relations for this CPT-even and parity-odd electrodynamics as a procedure 
to confirm the evaluation of the associated partition function. It is important to point out that the dispersion relations 
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of the parity-odd case may be read off directly from the arguments of the partition functions (|13ll4p making use of 
the prescription □ — + —p^, V — ip, dr —ipa, which yields 



[p2 + 2po (k • p)] = 0, 



p2 + 2po (k-p)- K^p2 + (k • p)^ 



= 0. 



(Al) 
(A2) 



These dispersion relations can be also obtained straightforwardly from the Maxwell equations for this sector (see 
Ref. [1^]): 



V-E = -K-(VxB), 
V X B - a* (B X k) = SiE - V X (E X k) , 
VB = , 
V X E = -atB. 



(A3) 
(A4) 
(A5) 
(A6) 



Writing the electric and magnetic fields in a Fourier representation, B(r) — (27r) / B(p) exp(— ip • r)(Pp, E(r) = 
{2tt) J E(p) exp(— ip • r)d^p, the Maxwell equations take on the following form (at the absence of sources): 

(A7) 
(A8) 
(A9) 



p • E = K • l^p xBj , 

p X B + po X k;^ + poE = -p X ^E X , 

pxE-poB = 0, p-B = 0. 
From these expressions, it is attained an equation for the electric field components, A'P^E^ — 0, where 

M^' = [pV -Pop'h^ -Pop'k^ + S'^p^ + 2poA)]. 
where A — k ■ p. Such operator can be represented as a 3 x 3 matrix, 



(AlO) 



PiP3 -PoPi^a ~ P0P3Kl 

P2P3 - P0P2K3 - P0P3K2 

p^ + 2poA+pl + 2poP3K3 



(All) 



+ 2poA + p{~ 2poPiKi P1P2 - P0P1K2 - P0P2K1 

P1P2 - P0P1K2 - P0P2K1 p^ + 2pqA +pI- 2poP2K2 

P1P3 - PaPiK.3 - PaPsKi P2P3 - P0P2K3 - P0P3K2 
After suitable simplification, the determinant of this matrix takes the form 

det M^' = pI {p^ + 2Apo) {p^ + 2Apo - p^k^ + A"^) . (A12) 

The condition dct Af-'' = provides the non-trivial solutions for Eq. (jA9[) and the associated dispersion relations 
of this model, attained without any approximation. This alternative procedure confirms the correctness of dispersion 
relations (|Ali IA2p and of the expressions [Til) i written at the finite temperature formalism. The intricate character 
of the relations (jAll IA2[) . involving both po and p, imply the following dispersion relations: 



{k-p)± J p2 + (k . p) , 



(A13) 
(A14) 



LU± = - (k • p) ± Vp^(1 + ^, 
which are different even at leading order in k. Assuming |k| <<1, the expressions (|A13IA14|) arc reduced to the form: 

L0+ = IpI -(k-p), (A15) 

to- = IpI + (k • p) . (AI6) 



Here, the root oj+ = \p\ — {k ■ p) represents a positive frequency mode, since |k| <<1. On the other hand, the mode 
LU- = (IpI -I- (k • p)) stands for the positive energy of an anti-particle (after reinterpretation) . This is a negative 
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frequency mode. It should be mentioned that, despite the double sign in the dispersion relations (jA15IA16|) . they 
yield the same phase velocities for waves traveling at the same direction. Note the the positive and negative frequency 
modes are associated with waves which propagate in opposite directions and the term (k ■ p) changes of the signal 
under the direction inversion (p p)- This result confirms the nonbirefringent character of the coefficient k at 
leading order, as properly stated in Refs. @, SjQ, and others 12, 2^. These same dispersion relations can obtained 
by means of a general evaluation for the dispersion relations (see Appendix of Ref. [16||) or by means of the poles of 
the gauge propagator of this electrodynamics (see Ref. [26|). 
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